A neglected disease with a nearly forgotten name is making a comeback following a global control programme that almost eradicated it more than forty years ago. Until the 1970s the prevalence of non-venereal treponematosis, including yaws, was greatly reduced after worldwide mass treatment. In 2005, cases were again reported in the Democratic Republic of the Congo. A deterministic model is formulated to investigate the impact of poverty on yaws eradication. Threshold parameters are determined and stabilities analysed. The reproductive number was also used to assess the impact of birth rate in resource-constrained families on the dynamics of yaws. The model was shown to be globally stable whenever the associated reproductive number is less than a unity. Using the Lyapunov function it was proved that whenever the associated reproductive number is greater than a unity an endemic equilibrium exists and is globally asymptotically stable. Results from this theoretical study suggests that if the population of children in the community is dominated by those from resource-constrained families, then yaws eradication will remain difficulty to attain. Thus, more needs to be done in addressing issues such as high fertility rate, overcrowding, poor sanitation, etc. and poverty in general so that yaws epidemic which was successfully controlled several decades ago will cease to reemerge and can easily be eradicated.
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Introduction
Yaws (the name is believed to originate from 'yaya', which in the indigenous Caribbean language means sore), or framboesia tropica (also known by the local names of buba, pian, paru, and parangi) is a chronic, contagious, nonvenereal infection caused by the spirochete Treponema pallidum subspecies pertenue [1] . It often starts as a single lesion of swelling on the skin, but without treatment it leads to multiple lesions all over the body. It causes pain but does not kill patients [2] . Yaws is the most widespread non-venereal treponematosis and is known to be endemic in the Equator province of Democratic Republic of the Congo (DRC) [3] . The disease is transmitted from person to person by direct skin-to-skin contact. It predominantly affects children under 15 years of age in the most underprivileged, remote rural communities. Favourable climate conditions such as humidity and a constant warm temperature appear to be especially important factors for yaws to flourish [4] [5] [6] [7] . The disease presents in three stages of which the first and second are easily treated. The third, however, may involve complex changes to the bones in many parts of the body. The first stage is characterized by the appearance of small, painless bumps on the skin that group together and grow until they resemble a strawberry. The skin may break open, forming an ulcer. The second stage (usually starting several weeks or months after the first) presents with a crispy, crunchy rash that may cover arms, legs, buttocks and/or face. If the bottoms of the feet are involved, walking is painful and the stage is known as 'crab yaws.' Stage 3 yaws involves the long bones, joints, and/or skin [6] [7] [8] . Without treatment, about 10% of affected individuals would develop disfiguring and disabling complications after five years because the disease may cause gross destruction of the skin and bones. It can also cause deformities of the legs, nose, palate, and upper jaw. There is no vaccine to prevent Yaws. The principles of prevention are based on the interruption of transmission by early diagnosis and treatment of affected individuals and their contacts [8] .
In the early 1950s an estimated 50-100 million people were infected in tropical areas particularly in Africa, Southeast Asia and South America [9, 6] . Following a decision of the Second World Health Assembly in 1949, huge mass treatment campaigns against endemic treponematosis were undertaken in all affected countries with the support of the World Health Organization (WHO). More than 50 million cases and their direct contacts were treated and, as a result, the prevalence of yaws decreased dramatically to an estimated one to two million cases in the 1980s [10] . Since then, yaws has not been considered a health priority and it is no longer a reportable disease.
By the end of the 1970s, reemergence of yaws in many countries prompted a World Health Assembly Resolution requesting the implementation of integrated treponematosis control programmes [11] . Renewed control efforts were implemented in several countries, e.g. Benin, Burkina Faso, Ivory coast, Ghana, Mali, the Niger and Togo, but these efforts were not sustained. In 1984, a global meeting was organized in Washington, DC [12] followed by regional meetings with the aim of reviving eradication activities. These attempts were half-hearted and the goal of eradication remained elusive [13] . At this time, most of the yaws programmes had been integrated into primary health care which were generally too weak to implement the activities of a vertical programme [14] . Since then, yaws has remained as a public health problem in a few pockets, including three countries in the SEA Region-India, Indonesia and Timor-Leste [15] . In DRC yaws was thought to be eradicated in the early 1960s. However, in 1975, a study revealed yaws cases among the pygmies in the north of DRC, one of the socio-economically most disadvantaged populations, with up to 90% of the population showing serological evidence of infection at that time [16] . Furthermore, in 1981 endemic foci of yaws with a prevalence of 8% were also identified in the north of DRC [17] . Between 1983 and 1988 almost 2500 yaws cases were reported to WHO [13] . In 1995, WHO estimated the number of infectious cases to be 460 000 worldwide of which, 400 000 were in west and central Africa, 50000 in South-East Asia and the rest in other tropical regions (WHO/EMC/95.3). In early 2005, an increased number of yaws cases confirmed through clinical screening were reported from the rural Wasolo health zone, a very remote and isolated region in the north of DRC Equator province [6] However, difficulties encountered by many countries in integrating continued control measures into local health services have led to a gradual build-up and extension of the treponemal reservoir. Thus, after enthusiastic mass treatment campaigns to eradicate yaws until mid-1960s, there has been a strong recrudescence of this disease in the last decades [18] [19] [20] . Today the situation is particularly precarious in the Sahelian region and western and central Africa where untreated reservoirs of infection are increasing [21] [22] [23] . The distribution of yaws is closely related to poverty and isolation from organized social and health services, particularly in rural tropical areas [4] or indigenous people living far away from mainstream. The proposed study is seemingly the first of its kind to attempt to look into the effects of poverty on the transmission dynamics of yaws and its eradication.
The paper is structured as follows. The model is formulated in Section 2 and comprehensively analyzed in Section 3. In Section 4, the model formulated in Section 2 is extended to capture the effect of changing in socio-economic status of some families. Expected population effects from improved public health practices are investigated in Section 5 through numerical simulations of the model using parameter values representative of the region. The last Section concludes the paper.
Model formulation
A deterministic compartmental modeling approach is used to design a model in resource-rich and resource-constrained individuals exploring the impact of poverty on yaws eradication. Children under 15 years are the main yaws victims, with peak incidence in the six-to ten-year-old age range [1, 4, 6, 15] . Thus we shall focus our study on the transmission dynamics of yaws among children aged 15 and below. Children from resource-constrained families fall into the following classes: susceptibles S p , latently infected children E p , infectives I p and recovery cases R p . Similarly children from resource-rich families consists of the following classes: susceptibles S r , latently infected children E r infectives I r , and recovery children R r . For the sake of simplicity, the rich class shall consist of children from the middle and high income earning families. Assuming a homogeneous mixing of children from two distinct classes (rich and poor), the total population N is given by N = S p + E p + I p + R p + S r + E r + I r + R r . New recruits join the susceptible class at a constant rate K through birth, with a fraction p 0 from resource-constrained families and the complementary 1 À p 0 , from rich families. Susceptible children acquire yaws infection at a rate k, where
In (1), b is the number of potentially infectious contacts that children have per unit of time (i.e., years in our model). Susceptible children from resource-constrained families are assumed to acquire yaws infection at an increased rate rk(r > 1)
due to poor standards of living such as overcrowding, poor sanitation, poor or below average balanced diet and so on [24, 6, 15, 13] . Latently infected children are assumed to progress to infectious stage at rates a irregardless of their family status. Infectious children receive yaws treatment and recover at rates c r , and c p . Due to availability of resources in 'rich families' parents can quickly seek medication for their child once they suspect or discover that their child is sick, whereas children from resource-constrained families may delay to be administered to treatment due to unavailability of resources, hence we also assume c p < c r . Children in all classes are assumed to suffer natural mortality at rates l. Families become either rich or poor at rate / and j respectively. We begin by investigating the impact of poverty when / = j = 0 and in Section 4 we explore the impact of poverty for 0 < /, j. Model flow diagram is depicted in Fig. 1 below.
The aforementioned assumptions and description above give rise to the following system of ordinary differential equations 
Model basic properties
In this section, we study the basic results of solutions of model system (2), which are essential in the proofs of stability results. Lemma 1. The equations preserve positivity of solutions.
Proof. The vectorfield given by the right hand side of (2) 
is invariant and attracting for system (2).
Theorem 1. For every non-zero, non-negative initial value, solutions of model system (2) exist for all times
Proof. Local existence of solutions follows from standard arguments since the right hand side of (2) is locally Lipschitz. Global existence follows from the a priori bounds. h
The model has a number of invariant sets that correspond to epidemiologically limiting cases of the problem.
Lemma 3. If p 0 = 0 then the set {S p = E p = I p = R p = 0} is invariant and attracting for system (2) . If p 0 = 1 then the set {S r = E r = I r = R r = 0} is invariant and attracting.
Equilibrium states, reproductive ratio and stability
In this section, we compute the equilibrium states, namely the disease-free equilibrium (DFE) and the endemic equilibrium (EE), and investigate their stability using the basic reproductive number.
Disease-free equilibrium and the basic reproduction number
Model system (2) has an evident DFE given by,
The linear stability of E 0 is governed by the basic reproduction number R 0 which is defined spectral radius of the next generation matrix [25] . The basic reproduction number can often be interpreted as the expected number of secondary infections produced by a single infectious infectious during his/her entire infectious period. Using the next generation approach and the notation defined in [25] , the matrices F and V, for the new infection terms and the remaining transfer terms are, respectively, given by 
We now consider the different possibilities in detail.
3.1.1. Case 1: Absence of children from resource-constrained families in the community.
We set p 0 = 0, and the reproductive number is given by
This number R r is simply the product of the per capita rate of infection and the average lifetime of an individual in class I r . It measures the average number of secondary infections generated by a single infectious child from a rich family during his or her infectious period when leaving in susceptible children fro rich families only.
Case 2:
No children from rich families in the community.
We set p 0 = 1, and r = 1. Then the reproductive number is given by
This reproductive rate sometimes referred to as the back of the napkin [26] is defined as the number of secondary yaws cases generated by as single infected child during his/her entire infectious period in a totally naive (susceptible) population in the absence of children from rich families.
3.1.3. Case 3: Co-existence of children both classes (rich and poor) in the community.
When p 0 > 0, the reproductive number is given by
The number R rp is usually interpreted as the average number of secondary infections generate by one infectious individual in a totally susceptible population which is composed of children from both rich and poor families. We now investigate the role of birth rate control on the reproductive number R rp .
Since R rp is an increasing function of p 0 (proportion new children born from resource-constrained families), then birth rate will have a positive impact on eradication of yaws if H < 1, no impact H = 1 and a negative impact if H > 1.
We summarize the result in the following Lemma 4
Lemma 4. Birth rate control for model system (2) only, will have Theorem 2. The disease-free equilibrium of model (2) is locally asymptotically stable if R rp < 1, and unstable otherwise.
Using a theorem from Castillo-Chavez et al. [27] , we can even show global stability of the DFE in the case that the basic reproduction number is less than unity.
Theorem 3. The DFE E 0 of our model system (2) is globally asymptotically stable provided R rp < 1.
Proof. Following Castillo-Chavez et al. [27] , we write system (2) in the form 
Therefore, b
GðX; YÞ P 0 whenever p 0 P Sp N and ð1 À p 0 Þ P Sr N , implying that E 0 is globally asymptotically stable for R rp < 1 in
which is also positively invariant and attracting. h Theorem 3 has obvious public health importance since it tells us that the disease can be eradicated completely from the community in the long run, whenever R rp < 1.
Endemic equilibria and stability analysis
Model system (2) has three possible endemic equilibria: the resource-constrained endemic equilibrium with a population of children from resource-constrained families only, the endemic equilibrium when the whole population is made up of children from rich families and the equilibrium where children from resource-constrained and resource-rich families co-exist, herein referred to as the interior equilibrium point.
Resource-constrained endemic equilibrium
This occurs when p 0 = 1, and set r = 1, so that there are no children from the rich class. Since the subspace {S r = E r = -I r = R r = 0}, is attracting, we only consider the four dimensional system of S p , E p , I p , R p . Thus, N p = S p + E p + I p + R p , and model system (2) reduces to
The reproductive number ðR p Þ and the endemic equilibrium E Ã 1 À Á of system (13) are respectively given by
Clearly, the endemic equilibrium E 
À Á
we make use of the Centre Manifold theory [28] as described in Theorem 4.1 of Castillo-Chavez and Song [29] , to establish the local asymptotically, we define S p = x 1 , E p = x 2 , I P = x 3 , R p = x 4 , so that N p = x 1 + x 2 + x 3 + x 4 . Using the vector notation X ¼ ðx 1 ; x 2 ; x 3 ; x 4 Þ T , model system (13) under these condition can be written in the form
The Jacobian of the system (16) 
from which it can be shown that the reproductive number is
If b is taken as a bifurcation parameter and solving for R p ¼ 1,
The linearized system of the transformed system (16) 
The left eigenvector of E T , where
Computations of the bifurcation coefficients a and b
For the sign of a, it is associated with the following non-vanishing partial derivatives of
from which it follows that a ¼ À 2lab
For the sign of b, it is associated with the following non-vanishing partial derivatives of F,
Thus a < 0 and b > 0 and using Theorem 4.1 [29] item (iv), we have established the following result. (13) is locally asymptotically stable for R p > 1. In order to investigate the global stability of the endemic equilibrium, we adopt the approach by Korobeinikov (2006) . Assume that R p > 1, then E Ã 1 exists for all S p , E p , I p , R p > , for some > 0. Let k S p :¼ g(S p , E p , I p , R p ) be a positive and monotonic function, and define the following continuous function in R 4 þ (for more details, see [30] ).
If g(S p , E p , I p , R p ) is monotonic with respect to its variables and
grow monotonically, then the function g(S p , E p , I p , R p ) has only one stationary point which is also the only extremum. Further, since 
ð26Þ 6 0. Also, the monotonicity of g(S p , E p , I p , R p ) with respect to S ensures that
Also,
Inequalities (26), (28) 
Rich endemic equilibrium
This occurs when p 0 = 0, so that there are no children from the rich class. Since the subspace {S p = E p = I p = R p = 0}, is attracting, we only consider the four dimensional system of S r , E r , I r , R r . Thus, N r = S r + E r + I r + R r , and the endemic equilibrium is given by
lRpðc p þlÞ :
Note that, the endemic equilibrium E Ã 2 À Á makes biological sense only when R r > 1. In order to avoid repetition, the above analysis in Section 2.2.1 for reosurce constrained endemic can be done to ascertain the existence, uniqueness and stability of the endemic equilibrium E Ã 2 . Hence, we summarise the following result result in Theorem 6 without proof.
Theorem 6. Whenever R r > 1, a unique endemic equilibrium E Ã 2 exists, which is both locally and globally asymptotically stable.
Co-existence of both resource-constrained and rich
In this case model system (2) has an endemic equilibrium given by demic equilibrium E Ã 3 . Thus, all solutions of model system (2) which intersect U 1 limit to and invariant set, the singleton E Ã 3 È É . Therefore, from the Lyapunov-Lasalle invariance principle, model system (2) [29] , to establish the local asymptotically, we define S p = x 1 , E p = x 2 , I P = x 3 , R p = x 4 , S r = x 5 , E r = x 6 , I r = x 7 , and R r = x 8 , so that N = x 1 + x 2 + x 3 + x 4 + x 5 + x 6 + x 7 + x 8 . Using the vector notation X = (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 )
T , model system (2) under these condition can be written in the form 
The method entails evaluating the Jacobian of system (36) 
with h = u 2 + u 3 + u 4 + u 5 + u 6 + u 7 + u 8 . For the sign of b, it is associated with the following non-vanishing partial derivatives of F, lþc r > 0. Thus a < 0 and b > 0 and using Theorem 4.1 [29] item (iv), we have established the following result.
Theorem 7. The unique endemic equilibrium E Ã 3 of model system (2) is locally asymptotically stable for R rp > 1.
From Fig. 3 , it is evident that E Ã 3 is unique and model system (2) does not undergo the phenomenon of backward bifurcation.
Model with changes in Socio-economic status
In this Section 2, we shall only incorporate the rates of changes in socio-economic status and all the description and formulations are as they are defined in Section 2. Thus, we assume that resource-constrained families may become resourcerich (rich as per defined in this study) at a constant rate /, while resource-rich families may become resource-constrained at a constant rate j, so that model system (2) becomes
Resource-constrained
Resource-rich
Following the next generation matrix as highlighted in Section 2, the reproductive number for model system (42) is given by
with, m 1 = l + / + a, m 2 = l + / + c p and m 3 = l + / + c r .
The reproduction number R erp measures the expected number of secondary infections produced by a single infectious infectious during his/ her entire infectious period in the community, where families have the potential to change their socio-economic status. We now investigate the effects of changes in socio-economic status on the eradication for yaws, using numerical simulations and parameter values from Table 1 .
Numerical result in Fig. 4 show the effect of change in status of families on the reproductive number R rep . Simulations suggest that lives of families in resource-constrained bracket need also to be improved to reduce yaws as a public health burden, since trend line C shows a decrease in the reproductive number R erp with increasing /. Point A depicts the balance in transfer rates from poor to rich or rich to poor (/ = j), and this suggest that changes in family status will not have an impact on yaws epidemic. However, several researchers has shown that / < j [24, 35] due to a number of factors such as wars, gender-related barriers, traditional practices and systems , economy catastrophes, e.t.c. In order to avoid repetition we shall not prove the equilibrium points and stability for system (42), but we shall refer the reader to a comprehensive analysis carried out in Section 2 for model system (2).
Population level effects
In order to illustrate the results of the foregoing analysis, we have simulated model system (2) using the baseline parameters values summarized in Table 1 . Unfortunately, the scarcity of data on the transmission dynamics of yaws in poor resource setting limits our ability to calibrate, but nevertheless, we assume some of the parameters in the realistic range for illustrating the dynamics. These parsimonious assumptions reflect the lack of information currently available on the transmission dynamics of yaws in poor resource setting. Since this theoretical study is seemingly the first of its kind, it should be seen as a template for future research, especially in data collection. Fig. 5 shows the effects of increase in birth rate (p 0 )a in resource-constrained families on yaws dynamics. An in depth analysis of these numerical simulations suggest that family planning programmes in resource-poor settings should be increased. The results are also a true reflection why eradication for yaws in resource-poor settings is complex to attained and the disease is also reemerging after mass programmes focusing on its eradication. The poorest couples have the highest fertility, the lowest contraceptive use and the highest unmet need for contraception. It is also in the low resource settings where maternal and child mortality is the highest [35] . Thus, family planning can contribute to improvements in maternal and child health, especially in low resource settings where overall access to health services is limited. Fig. 6 shows that when more families become poor / < j, then cumulative new yaws cases increase and this may result in yaws eradication difficult to attain.
Discussion
Yaws remains among the most neglected diseases and there is little global attention or focus on this disease, although, it primarily affects the most poor and vulnerable sections of the society; the tribal or indigenous people living far away from mainstream [15] . A mathematical model for exploring the role of poverty on the transmission dynamics of yaws is derived. Robust and qualitative mathematical techniques were used to analyze steady states of the model. The disease-free equilibrium is shown to be globally asymptotically stable whenever the associated epidemic threshold known as the reproductive number for the model is less than unity. The Centre Manifold Theory is employed to show that the endemic equilibrium is locally asymptotically stable when the corresponding reproduction number is greater than unity. The Lyapunov function approach [31, 32] was used to prove the global stability of the endemic equilibrium. Comprehensive numerical results are provided to support analytical results from the study.
Overally, analytical results of the model on the influence of birth rate (p 0 ) on yaws dynamics has show that its impact depends on the sign of a certain threshold parameter H, for H < results on reduced yaws cases, H = 1 no impact on yaws cases and for H > 1 negative impact on yaws eradication. However several studies [35, 15] have shown that the poorest couples have the highest fertility, the lowest contraceptive use and the highest unmet need for contraception. It is also in the low resource settings where maternal and child mortality is the highest, thus H > 1. It is also worth noting that resource-constrained families are composed of low income earners, living in overcrowding places, food shortages, inadequate sanitation, lack knowledge on the disease control, gender-related barriers, traditional practices and systems, etc. and these are favorable conditions for yaws to spread. An increase in the number of families who transfer from resource-rich (as per defined in this study) to resource-constrained was also shown to be another potential cause of yaws eradication being complex. In a nutshell, family planning can contribute to improvements in maternal and child health, especially in low resource settings where overall access to health services is limited, while addressing the issue of poverty may also reduce a number of health challenges poised by reemerging diseases which were heavily control several decades ago for instance yaws. (2) showing influence of changes in family status on cumulative new yaws cases, using various initial conditions and parameter values from Table 1 .
